Abstract -In this paper, the natural convective flow of nanofluids over a convectively heated vertical plate in a saturated Darcy porous medium is studied numerically. The governing equations are transformed into a set of ordinary differential equations by using appropriate similarity variables, and they are numerically solved using the fourth-order Runge-Kutta method associated with the Gauss-Newton method. The effects of parametric variation of the Brownian motion parameter (Nb), thermophoresis parameter (Nt) and the convective heating parameter (Nc) on the boundary layer profiles are investigated. Furthermore, the variation of the reduced Nusselt number and reduced Sherwood number, as important parameters of heat and mass transfer, as a function of the Brownian motion, thermophoresis and convective heating parameters is discussed in detail. The results show that the thickness of the concentration profiles is much lower than the temperature and velocity profiles. For low values of the convective heating parameter (Nc), as the Brownian motion parameter increases, the non-dimensional wall temperature increases. However, for high values of Nc, the effect of the Brownian motion parameter on the non-dimensional wall temperature is not significant. As the Brownian motion parameter increases, the reduced Sherwood number increases and the reduced Nusselt number decreases.
INTRODUCTION
The study of natural convection heat transfer in a porous medium is gaining a lot of attention because it has many engineering applications such as thermal energy storage, groundwater systems for industrial and agricultural use, flow through filtering media, and crude oil extraction (Gorla et al., 2011) . The natural convection of pure fluids over embedded bodies has been analyzed in many previous studies. The free convection from a vertical plate with nonuniform surface temperature has been studied by Gorla and Zinalabedini (1987) . Similarity solution of natural convection boundary layer flow along a vertical plate has been investigated by Cheng and Minkowycz (1977) . Although the flow and heat transfer of natural convection over embedded bodies in porous media has been studied in a large number of papers, few papers have considered micro-and nanofluids.
Nanofluids are suspensions of submicron particles (nanoparticles) in a conventional fluid. The most important characteristic of nanofluids is their higher thermal conductivity relative to the base fluids, which can be achieved even at very low volume fractions of nanoparticles. In recent years, the heat transfer enhancement of nanofluids has been proposed as a route for surpassing the performance of heat transfer rate in currently available liquids. The fluid containing nanoparticles can flow smoothly through microchannels without clogging them because they are small enough to behave similar to liquid molecules (Khanafer et al., 2003) . The unique property of nanofluids in enhancement of the heat transfer has attracted many researchers such as Hwang et al. (2009) , Yu et al. (2008) , and Daungthongsuk and Wongwises (2007) to investigate the heat transfer characteristics in nanofluids. Most researchers reported that the presence of the nanoparticles in the base fluid tremendously enhances the effective thermal conductivity of the fluid and consequently enhances the heat transfer characteristics. An excellent collection of articles on this topic can be found in Das et al. (2007) , Wang et al. (2008a) , Wang et al. (2008b) , and Kakac and Pramuanjaroenkij (2009) .
The current experimental results show that the forced and mixed convection enhancement can be achieved in the presence of nanoparticles, and this enhancement increases with the increase of the nanoparticle volume fraction (Hwang et al., 2009; Yu et al., 2008; Daungthongsuk and Wongwises, 2007) . By contrast, experimental results show that in natural convection flow of nanofluids, the heat transfer coefficient decreases with an increase of the nanoparticle volume fraction (Putra et al., 2003; Nnanna, 2007; Wen and Ding, 2006; Chang et al., 2008) . However, such agreement is not established, and there is a striking lack of experimental data for natural convection in both clear flows and flows in porous media (Polidori et al., 2007) .
Recently, a large number of researchers have studied the convective heat transfer of nanofluids numerically including Nassan et al. (2010) , Noghrehabadi et al. (2012c) , Vajravelu et al. (2011) , Wongcharee and Eiamsa-ard (2011) , Yacob et al. (2011a) , and Yacob et al. (2011b) . Almost all of these researchers assumed that the nanofluid can be modeled as a common pure fluid (homogenous model), and the conventional equations of mass, momentum and energy are used. In the mentioned studies, it was assumed that the enhancement of the convective heat transfer is just because of the enhancement in the thermal conductivity, and the only effect of nanoparticles is the effect on the thermo-physical properties of the base fluid. In the homogenous models, the nanoparticles are in thermal equilibrium with the base fluid and there are no slip velocities between the nanoparticles and fluid molecules. Thus, a uniform mixture of nanoparticles is considered for the nanofluid. From this point of view some researchers analyzed the natural convection of nanofluids. Khanafer et al. (2003) studied the natural convection of Cu-water nanofluids in a two-dimensional enclosure and found that an increase of the nanoparticle volume fraction increased the Nusselt number. Following this work Jou and Tzeng (2006) repeated the proposed problem with different aspect ratios of the enclosure, and the same results were obtained. Noghrehabadi et al. (2012a) studied the forced convection heat transfer of Ag-water and SiO 2 nanofluids over a stretching sheet. Hady et al. (2011) analyzed natural convection of water-based nanofluids over a full cone embedded in a porous medium. They found that the local Nusselt number decreased with an increase of the nanoparticle volume fraction for copper (Cu), silver (Ag), alumina (Al 2 O 3 ) and titanium oxide (TiO 2 ) nanoparticles.
From another point of view, it is believed that, in the convection of nanofluids, there are several slip mechanisms, so the volume fraction of nanoparticles in the nanofluid may not be uniform. The consideration of additional heat transfer mechanisms in the convective heat transfer problems was taken one step further by Buongiorno (2006) . Buongiorno discussed seven possible mechanisms: inertia, Brownian diffusion, thermophoresis, diffusionphoresis, the Magnus effect, fluid drainage, and gravity for particle slip during the convection of nanofluids, of which thermophoresis and the Brownian diffusion were found to be important.
Only a few studies have been performed of convection with models including slip mechanisms. Noghrehabadi et al. (2012b; 2012c; 2013a; 2013b) analyzed different aspects of the boundary layer heat transfer of nanofluids over a stretching sheet. Kuznetsov and Nield (2010; examined natural convective boundary-layer flow of a nanofluid past a vertical plate, and they found that the reduced Nusselt number is a decreasing function of Brownian motion and the thermophoresis parameter. Khan and Aziz (2011) studied natural convection of nanofluids over a vertical flat plate with uniform surface heat flux. They found that for a fixed Lewis number, the reduced Nusselt number is a decreasing function of the Brownian motion parameter, the thermophoresis parameter and the buoyancy ratio parameter.
In the area of heat transfer of nanofluids including slip mechanisms in porous media very few researches have been done. Nield and Kuznetsov (2009) studied the classical Cheng-Minkowycz problem for natural convective boundary-layer flow in a porous medium saturated by a nanofluid. Chamkha et al. (2011) presented a non-similar solution for natural convective boundary layer flow over a sphere embedded in a porous medium saturated with a nanofluid. Rashad et al. (2011) boundary layer of a nanofluid about a permeable vertical full cone embedded in a saturated porous medium. The non-Darcy effects of porous medium on the boundary layer heat transfer of nanofluids over a cone have been examined by Noghrehabadi et al. (2013c) . Natural convective boundary layer flow over a horizontal plate embedded in a porous medium saturated with a nanofluid has been investigated by Gorla and Chamkha (2011) . Mixed convective boundary layer flow over a vertical wedge embedded in a porous medium saturated with a nanofluid has been analyzed by Gorla et al. (2011) . Noghrehabadi et al. (2013d) have examined the natural convection boundary layer flow of a nanofluid over a vertical plate with surface heat flux embedded in a saturated porous medium. Aziz and Khan (2011) have studied the natural convective flow of a nanofluid over a convectively heated vertical plate in a clear, non-porous space. They found that an increase of the convective heating parameter increased the dimensionless temperature and dimensionless velocity profiles. They reported that an increase of the Brownian motion and thermophoresis parameters increases the dimensionless temperature profiles but decreases the concentration profiles.
To the best of authors' knowledge, there is no investigation that addressed the effect of the convective heating condition on the heat transfer characteristics of natural convection of nanofluids over a vertical flat plate in a porous medium with a model which incorporates the Brownian motion and thermophoresis effects of nanoparticles. The present study examines the effect of parametric variation of the Brownian motion and thermophoresis as important parameters in natural convection of nanofluids over a convectively heated vertical plate embedded in a porous medium on the boundary layer flow, heat and mass transfer of nanofluids.
MATHEMATICAL FORMULATION
Consider the two-dimensional and steady natural convection boundary layer flow of a nanofluid past a convectively heated vertical plate which is placed in a porous medium saturated with a nanofluid. The coordinate system is chosen such that the x-axis is aligned with the flow over the plate. The scheme of the physical model and the coordinate system is shown in Fig. 1 .
It is worth mentioning that there are three distinct boundary layers, namely the hydrodynamic boundary layer, thermal boundary layer, and nanoparticle concentration boundary layer, but only one boundary layer is shown in this figure to avoid congestion. It is assumed that the nanoparticle volume fraction (φ) at the wall surface (y = 0) takes the constant value of φ w .
Figure 1:
The physical model and the coordinate systems utilized to model convective heat transfer past a vertical plate embedded inside a homogeneous porous media saturated with a nanofluid.
The ambient values of T and φ are denoted by T ∞ and φ ∞ , respectively. The flow in porous media with porosity of ε and permeability of κ is considered as the Darcy flow. It is assumed that the porous medium is homogeneous, and the porous medium and nanofluid are in local thermal equilibrium. By employing the Oberbeck-Boussinesq approximation and applying the standard boundary layer approximations, the basic steady conservation of total mass, momentum, thermal energy, and nanoparticles for the nanofluids can be written in the Cartesian coordinate system of x and y as follows (Nield and Kuznetsov, 2009) 
.
subject to the following boundary conditions, 0,
, .
The pressure can be eliminated from Eqs. (2a) and (2b) by cross-differentiation. Introducing the following stream function (ψ), the continuity equation is automatically satisfied.
Here the local Rayleigh number Ra x can be introduced as (Gorla et al., 2011) :
where η is the similarity variable:
The dimensionless similarity variables, S, η, and ƒ are introduced as follows:
After applying Eqs. (10) and (11) 0.
subject to the following boundary conditions:
where Nr is the buoyancy-ratio parmeter, Nb is the Brownian motion parameter, Nt is the thermophoresis parameter, Le is the Lewis number, and Nc is the convective heating parameter. In Equation (17e) the convective heating parameter (Nc) depends on x. However, if the convective heat transfer coefficient
, Nc becomes independent of x and a true similarity is realized. For Nc→∞, the convective boundary condition reduces to the constant surface temperature boundary condition analyzed by Nield and Kuznetsov (2009) The quantities of local Nusselt number (Nu x ) and local Sherwood number (Sh x ) can be introduced as:
( )
where the quantity q w is the wall heat flux because of the temperature gradient and q m is the wall mass flux because of the Brownian motion force. Using similarity transforms introduced in Eq. (11), the reduced Nusselt number (Nur) and reduced Sherwood number (Shr), as important parameters in heat and mass transfer, can be obtained as,
0 .
NUMERICAL METHOD
Consider the system of Eqs. (12)- (14) subject to the boundary conditions of Eqs. (15)-(16). The system of equations is numerically solved using the iterative fourth-order Runge-Kutta method associated with the Gauss-Newton method (Dennis, 1977) starting with an initial guess. In this method, every nth-order equation is converted to n first order equations. Therefore, the system of ordinary differential equations is converted into a system of first-order equations. An iteration method is then applied on the latter system to adjust the initial guess using the Gauss-Newton method. The η direction is divided into 300 nodal points so that the results become accurate. The Gauss-Newton approach is utilized to update the initial guesses until the asymptotic boundary conditions are reached. A maximum relative error of 10 -5 is used as the stopping criteria for the iterations. The most crucial factor of this numerical solution is to choose the appropriate finite value of η ∞ . Thus, the asymptotic boundary conditions given by Eq. (16) were replaced by using a comparatively large value of η max =10. The choice of η max =10 ensured that all numerical solutions approached the asymptotic values correctly.
As a test of the accuracy of the solution, the value of Nur is compared with the value reported by Cheng and Minkowycz (1977) in Table 1 when the effects of nanofluid parameters are neglected. 
RESULTS AND DISCUSSION
In the present study, the values of the convective heating parameter (Nc) are chosen as less than unity (Nc=0.2), higher than unity (Nc=2) and very high (Nc=1000) to obviously show the effect of different values of this parameter on the dimensionless velocity, temperature and concentration profiles as well as reduced Nusselt number and reduced Sherwood number. The increase of the convective heating parameter from very low to very high values demonstrates that the value of Nc=1000 can accurately simulate the isothermal boundary condition, which has been previously considered by Nield and Kuznetsov (2009) . Therefore, Nc=1000 is considered as the physical infinity in the following text. It is noted that, in the case of Nc=1000, the wall temperature is very close to the hot fluid temperature T f .
Since most nanofluids examined to date have large values of the Lewis number Le > 1 (Nield and Kuznetsov, 2009) , the values of Le=10 and Le=100 have been examined in the present study. The choice of values for Nr, Nb and Nt was dictated by the fact that these values were used by Nield and Kuznetsov (2009) for the isothermal wall case. By using the same values of Nr, Nb and Nt, the present work on the convective boundary condition can be viewed in proper perspective with the isothermal results.
The values of reduced Nusselt number (-θ ' (0)) and reduced Sherwood number (-ƒ ' (0)) are shown in Table 2 and Table 3 , respectively, for selected combinations of Nt, Nb and Nr and two selected values of Lewis number and the fixed value of convective heating parameter (Nc=10). The results of Table 2 depict that an increase of the Brownian motion parameter as well as the buoyancy ratio parameter decreases the reduced Nusselt number; an increase of thermophoresis parameter also decreases the reduced Nusselt number.
The trend of results reported by Aziz and Khan (2011) in tabular form reveals that an increase of Nb and Nr decreases the reduced Nusselt number. The trend of the results of Aziz and Khan (2011) is in agreement with the results of the present study.
From Table 2 , it is realized that the increase of the Lewis number for a low value of Nr (i.e., Nr=0.1) decreases the reduced Nusselt number; whereas for a high value of Nr (i.e., Nr=0.5), the increase of the Lewis number increases the values of the reduced Nusselt number.
The trend of results presented by Aziz and Khan (2011) in tabular form for the values of Nb>0.3 is similar to the results of the present study. The work of Aziz and Khan (2011) shows that the increase of the Lewis number decreases the reduced Nusselt number for low values of Nr, whereas the increase of Lewis number increases the reduced Nusselt number for high values of Nr.
The results of Table 3 show that the reduced Sherwood number is an increasing function of the Brownian motion parameter (Nb), but is a decreasing function of the bouancy ratio parameter (Nr). As seen, an increase of the thermophoresis parameter (Nt) increases the reduced Sherwood number for the high value of Lewis number (i.e., Le=100), whereas the reduced Sherwood number is decreased by an increase of Nt for the small values of Le and Nb (i.e., Le=10, Nb<0.3). In addition, an increase of Nt increases the reduced Sherwood number for the large value of Nb (i.e., Nb=0.5) and the small value of Le (i.e., Le=10). The reduced Sherwood number is increased by an increase of the Lewis number. When the parameters of the nanofluid are taken to be zero (i.e. Nr=Nb=Nt=0), the nanofluid model is reduced to the pure fluid model. In the case of the isothermal boundary condition (i.e., Nc=1000) and pure fluid, the results show that the velocity and temperature profiles are identical. These findings are in good agreement with those reported by Cheng and Minkowycz (1977) who studied free convection about an isothermal vertical plate embedded in a porous medium. The velocity and temperature profiles of a pure fluid for selected values of the convective heating parameter are plotted in Fig. 2 . This figure shows that the temperature and velocity profiles are identical in the case of pure fluid and for all values of convective heating parameter. It is clear that, in the case of a pure fluid, the increase of Nc increases the dimensionless velocity and temperature profiles. The non-dimensional profiles of velocity, temperature and concentration are plotted in Fig. 3 when Nt=Nb=Nr=0.5, Le=10 and Nc=2. This figure reveals that the dimensionless thermal and velocity boundary layers are of comparable thickness. However, they are not identical. The nanoparticle concentration boundary layer is much thinner than the thermal and the velocity boundary layers.
The comparison between the dimensionless velocity profiles in two cases of pure fluid (Fig. 2) and nanofluid (Fig. 3 ) is interesting. It shows that these profiles in the case of a pure fluid are decreased asymptotically to zero at the edge of the hydrodynamic boundary layer, but in the case of the nanofluid first they increase to a maximum velocity and then decrease asymptotically to zero at the edge of the hydrodynamic boundary layer. This observed difference is because of the presence of the slip mechanisms between nanoparticles and the base fluid.
Figure 3:
The temperature, velocity and concentration boundary layer profiles of a nanofluid when Nt=Nb=Nr=0.5, Nc=2 and Le=10.
The thermophoresis parameter (Nt) can be described as the ratio of the nanoparticle diffusion due to the thermophoresis force to the thermal diffusion in the nanofluid. Buongiorno reported that the solid nanoparticles in the nanofluid experience a force in the direction opposite to the imposed temperature gradient. Hence, the nanoparticles tend to move from hot to cold.
The non-dimensional profiles of the nanoparticle volume fraction, temperature and velocity are shown in Figs. 4-6, respectively, for different values of thermophoresis and convective heating parameters when the buoyancy-ratio parameter (Nr), Brownian motion parameter (Nb) and Lewis number (Le) are kept fixed. These figures indicate that an increase of Nt increases the magnitude of the velocity, temperature and concentration profiles. The atoms which are near the hot wall carry more momentum than those atoms which are far from the wall (in colder regions). The different momenta which a solid particle receives from hot and cold fluid atoms (because of the temperature gradient) result in a force which is known as the thermophoresis force (Zheng, 2002 ). An increase of Nc increases the magnitude of the velocity and temperature profiles, but decreases the magnitude of the concentration profiles. Therefore, it is expected that the increase of Nt increases the force on the nanoparticles in the direction away from the hot wall and increases the diffusion of nanoparticles into the nanofluid, which is shown in Fig. 4 . Consequently, an increase of Nt increases the non-dimensional temperature at the wall, which is clearly shown in Fig. 5 . An increase of the thermophoresis force increases the movement of nanoparticles and consequently increases the non-dimensional velocity profiles, which is depicted in Fig. 6 . The thermophoresis parameter is independent of the particle diameter in the case of very small particles (Buongiorno, 2006) . For comparatively low values of Nc the profiles of velocity, temperature and concentration are significantly influenced by variation of the convective heating parameter (Nc). The increase of Nc increases the concentration profiles in the boundary layer. The increase of the convective heating parameter increases the non-dimensional temperature and velocity profiles near the wall, but near the edge of the boundary layer the increment of Nc slightly decreases the temperature and velocity profiles.
The Brownian motion parameter can be described as the ratio of the nanoparticle diffusion due to the Brownian motion effect to the thermal diffusion in the nanofluid. Based on the Einstein-Stokes equation (Buongiorno, 2006) , the Brownian motion is proportional to the inverse of the particle diameter (Buongiorno, 2006) . Hence, as the particle diameter decreases, the Brownian motion increases. Figs. 7-9 show the variation of the non-dimensional profiles for different values of the Brownian motion parameter and selected values of the convective heating parameter. It is observed that, with an increase of the Brownian motion parameter, the magnitude of the velocity and temperature profiles increases, but the magnitude of the concentration profiles decreases. These findings are similar to the results reported by Aziz and Khan (2011) . They reported that an increase of the Brownian motion parameter increases the temperature profiles and decreases the concentration profiles. Increase of the Brownian motion parameter increases the diffusion of particles, which results in the increase of the magnitude of the temperature profiles (Fig. 8) . It is interesting that the variation of the convective heating parameter, Brownian motion or thermophoresis parameter does not have a significant effect on the thickness of the hydrodynamic, thermal and concentration boundary layers. Comparison between Figs. 5 and 6, as well as comparison between Figs. 8 and 9, shows that the temperature and velocity profiles are not identical, even in the case of high values of the convective heating parameter (i.e., isothermal surface). As was mentioned before, this is because of the presence of slip mechanisms of nanoparticles which affect the thermal and hydrodynamic boundary layers. The variation of the dimensionless heat transfer rate parameter (reduced Nusselt number), mass transfer rate (reduced Sherwood number) and surface temperature as a function of the thermophoresis parameter are shown in Figs. 10, 11 and 12, respectively, for Nr=0.5 and Le=10 and for selected values of the convective heating parameter. Figs. 10 and 11 show that the increase of Nb decreases the dimensionless heat transfer rate but increases the dimensionless mass transfer rate. Furthermore, the increase of Nt decreases the reduced Nusselt number and reduced Sherwood number. Increase of the Brownian motion parameter increases the diffusion of nanoparticles due to the Brownian effect and consequently decreases the reduced Nusselt number (-θ'(0)), as observed in Figure 10 . Figure 11 shows that, for comparatively small values of Nb (i.e., Nb=0.1), the variation of Nt has a significant effect on the variation of reduced Sherwood number, but with the increase of Nb this effect is reduced. An increase of nanoparticle diffusion due to the increase of the Brownian motion parameter increases the nanoparticle concentration in the vicinity of the wall surface and, consequently, it increases the reduced Sherwood number (-f '(0)).
Finally, an increase of the convective heating parameter increases the reduced Nusselt and Sherwood numbers. The trend of the results reported by Aziz and Khan (2011) is similar to the present results. They found that an increase of the convective heating parameter increased the reduced Nusselt number. This is reasonable because stronger convective heating on the back side of the plate must result in higher heat dissipation to the nanofluid on the front of the plate. Nield and Kuznetsov (2009) reported that an increase in the buoyancy-ratio number, the Brownian motion parameter or the thermophoresis parameter leads to a decrease in the value of the reduced Nusselt number (corresponding to an increase in the thermal boundary-layer thickness), which is in full agreement with the present findings. Fig. 12 reveals that an increase of the convective heating parameter tends to change the thermal boundary condition from a convective heating boundary condition to the isothermal boundary condition. An increase of Nb increases the motion of nanoparticles due to the Brownian effect, which results in the increase of the diffusion of nanoparticles into the fluid and leads to an increase of the nondimensional surface temperature. 
CONCLUSIONS
In the present work, a combined similarity and numerical approach has been used to investigate the natural convection over a convectively heated vertical plate embedded in a porous medium saturated with a nanofluid. In the modeling of the nanofluid, the dynamic effects of nanoparticles, thermophoresis and Brownian motion have been taken into account. The natural convection boundary layer depends on five dimensionless parameters, namely the thermophoresis parameter Nt, Brownian motion parameter Nb, Lewis number Le, buoyancy ratio parameter Nr and convective heating parameter Nc. The findings of the present study can be summarized as follows:
The temperature and velocity profiles for the nanofluids are of comparable thickness, but the thickness of the concentration profiles is much lower than those of temperature and velocity profiles.
The velocity, temperature and concentration profiles are an increasing function of the thermophoresis parameter (Nt). However, the effect of the thermophoresis parameter on the concentration profiles in the vicinity of the wall in not significant.
As the Brownian motion parameter increases, the velocity and temperature profiles increase. However, the concentration profiles are a decreasing function of the Brownian motion parameter. It is interesting that the variation of the Brownian motion parameter does not show a significant influence on the concentration and temperature profiles, but its effect on the velocity profiles is obvious in the vicinity of the wall.
As the convective heating parameter (Nc) increases, the velocity and temperature profiles rise in the vicinity of the wall. However, this effect is inverted far from the wall. The concentration profiles are a decreasing function of the convective heating parameter (Nc) in the entire boundary layer.
When the values of Le and Nr are kept constant, an increase of Brownian motion increases the reduced Sherwood number and decreases the reduced Nusselt number.
For low values of the convective heating parameter, as the Brownian motion parameter increases, the non-dimensional wall temperature increases. However, for high values of Nc, the effect of the Brownian motion parameter on the non-dimensional wall temperature is not significant.
Both the reduced Nusselt and Sherwood numbers are an increasing function of the convective heating parameter.
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Here, by using the introduced similarity variables, Eqs. (10) 
